In this paper, a variable-coefficient time fractional heat-like and wave-like equation with initial and boundary conditions is solved by the use of variable separation method and the properties of
Introduction
As the generalizations of classical differential equations with integer order, fractional differential equations (FDE) have attached much attention [1] [2] [3] [4] [5] [6] [7] . With the development of fractional calculus theory, solving FDE has become one of the most important and significant research tasks in science and engineering. However, as pointed in [8] that it is still on a preliminary stage to search for exact analytical solutions of non-linear FDE. Recently, Zhang et al. [9] obtained many exact solutions of a (2+1)-D non-linear time fractional biological population model by means of variable separation method. In general, there are three steps in the variable separation method for FDE with time fractional derivative, say, in four variables x, y, z, and t.
Step 1: write one solution u of the FDE as a product of two undetermined functions ( ) v t and ( , , ). w x y z Step 2: substitute ( ) ( , , ) u v t w x y z = into the given FDE and then convert the resulting equation into two differential equations, one of which is a solvable FDE with time fractional derivative and the other is a solvable partial differential equation (PDE) depending only on x, y, and z.
Step 3: solve the reduced FDE and PDE, respectively, and hence obtain some variable separation solutions of the original FDE.
When the inhomogeneities of media and non-uniformities of boundaries are taken into account, the variable-coefficient equations could describe more realistic physical phenomena than their constant-coefficient counterparts [10] . Therefore, how to construct exact solutions of FDE with variable coefficients is worth studying. The present paper is motivated by the desire to extend the variable separation method to the following variable-coefficient time fractional heat-like and wave-like equations [11, 12] :
subject to boundary conditions:
and the initial conditions:
where α is a parameter describing the fractional derivative, t u is the rate of change of temperature at a point over time. The general response expression contains a parameter describing the order of the fractional derivative that can be varied to obtain various responses. In the case of 0 1 α < ≤ , eq. (1) reduces to the fractional heat-like equation with variable coefficients, and it does to a wave-like equation with variable coefficients for 1 2.
α < ≤

Exact solutions
In this section, we use the variable separation method previously described to solve eq. (1) with the fractional derivative in the Caputo sense [11] 
where λ, μ, and q are constants or functions independent of t, E α (·) is the Mittag-Leffler function defined by:
To begin with, we take a transformation:
then eq. (1) Solving eq. (14) with the help of eq. (9), we obtain: 
Obviously, if eq. (16) is a solution of eq. (1), then it must satisfiy eqs. (2)- (5).
Examples
In this section, we further determine solution (16) through four examples. Example 1: we consider the 1-D fractional heat-like problem of form:
subject to the boundary conditions:
and the initial condition:
In this case of example 1, we can easy to see that 2 We therefore obtain: 
